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Abstract
In this paper, we will present potential theoretic refinements of spatially inhomogeneous processes on the field of p-adic numbers
by the theory of Dirichlet space. Based on a Sobolev space relevant to a modified derivative of real-valued function on the field, we
will attempt a removal of ambiguity which stems from the nonpolarity of singleton. As a result, we can show that any statement valid
(n,2)-quasi-everywhere automatically turns to be correct everywhere for the spatially inhomogeneous Hunt processes in the class.
© 2007 Elsevier Masson SAS. All rights reserved.
Résumé
Dans cet article, nous présentons une théorie potentielle sans ambiguïté associée au processus stochastique obtenu par la théorie
des formes de Dirichlet sur le corps des nombres p-adiques En nous fondant sur l’espace de Sobolev en rapport avec le dérivée
modifié pour les fonctions sur le corps, nous supprimons l’ambiguïté qui vient de la polarité d’un point. Finalement, nous vérifions
que chaque proposition qui est vraie quasi partout est vraie partout automatiquement.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction
After Evans suggested the importance of stochastic processes on the p-adic number field Qp in [4], Albeverio
and Karwowski made a significant progress on the subject in [2]. In their paper, an intuitively acceptable construction
of stochastic processes on Qp was presented. In fact, by introducing any nontrivial sequence A = {a(m)}∞m=−∞
satisfying:
a(m) a(m + 1), (A.1)
and
lim
m→∞a(m) = 0, limm→−∞a(m) > 0 or = ∞, (A.2)
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and showed that the Dirichlet space (E,F) associated with Hunt process of the family is given by:
E(1B1,1B2) = −2J (B1,B2) = −
pK+L−m+1
p − 1
(
a(m − 1) − a(m)),
on L2(Qp,μ), where B1 and B2 stand for balls with radii pK and pL, respectively, dist(B1,B2) = pm and μ stands
for the Haar measure on Qp .
On the other hand, the α-stable process is characterized as the case of the Fourier transform of the transition
probability kernel pt is given by exp(−t‖x‖αp). Thanks to the additive characters χp , the γ -order derivative Dγu of a
locally constant function (for the definition, see, e.g., Vladimirov, Volovich and Zelenov in [11]) u is describable by
pseudo-differential operator and explicitly written as
Dγu(x) =
∫
Qp
‖ξ‖γpuˆ(ξ)χp(−ξx)μ(dξ) = p
γ − 1
1 − p−γ−1
∫
Qp
u(x) − u(y)
‖x − y‖γ+1p
μ(dy),
where uˆ(ξ) stands for the Fourier transform
∫
Qp
χp(ξx)u(x)μ(dx) of the locally constant function u with compact
support and γ > 0.
It is easy to see that the Dirichlet form which is characterized as the smallest closed extension of the bilinear
form
∫
Qp
Dα/2u(x)Dα/2v(x)μ(dx) (α > 0) generates Albeverio–Karwowski’s symmetric Hunt process correspond-
ing to the sequence A = {c(p,α)p−αm}∞m=−∞ with some positive constant c(p,α) depending only on p and α. This
shows that its infinitesimal generator is given as constant times the one of the α-stable process. Karwowski and
Vilela–Mendes introduced a class of spatially inhomogeneous stochastic processes on Qp in [9]. A necessary and
a sufficient condition for the recurrence of spatially inhomogeneous stochastic processes were given by Albeverio,
Karwowski and Zhao in [3]. Subsequently, the author showed in [7] that a class of inhomogeneous Hunt processes
can be introduced by applying Dirichlet space theory and presented a comparison principle in the case that two com-
parable Dirichlet forms in the class are given. Then, recurrence and transience criteria for the inhomogeneous Hunt
processes in the class were discussed as an application of the comparison principle presented in the theory of the
Dirichlet space.
On the other hand, Fukushima and the author firstly presented a nonlinear capacity theory based on Hunt processes
in [5], where the notion of nonlinear capacity was introduced and some basic properties were investigated. The theory
is designed so as to be complied with existing nonlinear potential theory such as the framework presented by Adams
and Hedberg [1].
Recently, Yasuda and the author in [8] showed that nonlinear capacity theory can be worked out in some non-
Archimedean environments including the field Qp of p-adic numbers. In fact, polarity and nonpolarity of singletons
were examined in a finite extension of Qp based on the nonlinear capacity theory. In addition, a sufficient condition
for slimness of a “tangent” space of an infinite extension of Qp was revealed by starting with a Dirichlet space
corresponding to the stochastic process proposed by Kochubei in [10].
In Section 2, we will see an explicit expression of the infinitesimal generators of spatially inhomogeneous Hunt
processes introduced by the author in [7]. We will consider a class of the generators and obtain a sufficient con-
dition for the composite of two infinitesimal generators in the class to be viewed again as the infinitesimal gener-
ator of a Hunt process in the class. The class covers a family of Dirichlet forms described such bilinear form as
Eγ,ρ(u, v) = ∫Qp Dγ,ρu(x)Dγ,ρv(x)ρ(dx) with a modified γ -order derivative,
Dγ,ρu(x) = p
γ − 1
1 − p−γ−1
∫
Qp
u(x) − u(y)
‖x − y‖pγ+1
ρ(dy)
defined for locally constant function u with compact support on Qp and with a Radon measure ρ.
Finally, in Section 3 we will give a sufficient condition for the non-(n,2)-polarity of the singletons by combining
an observation on the composite of infinitesimal generators and a comparison of Dirichlet forms in Section 2.
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Let p stand for a prime number. Every number x of the field Qp of p-adic numbers can be represented by the
formal power series:
x =
∞∑
i=M
γip
i,
where M stands for an integer and γi = 0,1, . . . or p − 1. Let x be given by x =∑∞i=M γipi and ix be the smallest
integer i satisfying γi = 0. Then we can define:
‖x‖p = p−ix .
It is easy to see that the map x → ‖x‖p defines norm in Qp , which satisfies non-Archimedean triangle inequality:
‖x + y‖p max
{‖x‖p,‖y‖p}.
In what follows, we will denote the distance ‖x − y‖p between x and y by dist(x, y) and the ball {z ∈ Qp |
dist(z, x) pν} with radius pν (ν ∈ Z) centered at x by B(x,pν). It is known that Qp is a locally compact separable
metric space which admits the Haar measure μ (see, e.g., Vladimirov, Volovich and Zelenov in [11, Chapter IV]).
Suppose that {c(m)}∞m=−∞ is a sequence satisfying,
c(m) c(m + 1), (A.1)
and
lim
m→∞ c(m) = 0, limm→−∞ c(m) > 0 or = ∞, (A.2)
and that the sequence admits a Radon measure ρ on Qp such that
the sequence
{
c(m)ρ
(
B
(
x,pm
))}
is non-increasing for any
x ∈ Qp and
∞∑
m=0
c(m)ρ
({
z ∈ Qp
∣∣ ‖z‖p = pm})< ∞. (A.3)
Let us introduce a non-negative measurable function f (x,m) defined on Qp × Z satisfying:
f
(
x, logp ‖y − x‖p
)= f (y, logp ‖x − y‖p) for any x, y ∈ Qp, (C.1)
and
f (x,m) Cx,Kc(m) for any mK with some positive constant Cx,K. (C.2)
Then denoting {(x, x) | x ∈ Qp} by Δ and the family of locally constant functions on Qp with compact support
by D0, we can introduce the bilinear form:
E (f )(u, v) =
∫
(Qp×Qp)\Δ
(
u(x) − u(y))(v(x) − v(y))Jf (dx,dy), u, v ∈D0, (1)
with a symmetric measure Jf on (Qp × Qp) \ Δ defined by Jf (dx,dy) = f (x, logp ‖y − x‖p)ρ(dx)ρ(dy).
The notations ρ¯x,ν = ρ(B(x,pν)) and ρx,ν = ρ({z ∈ Qp | dist(z, x) = pν}) will be helpful in proving the following
lemma and in some other parts of the present paper:
Lemma 1. If a Radon measure ρ satisfies (A.3) with respect to some sequence {c(m)} with properties (A.1), (A.2)
and if a non-negative measurable function f (x,m) defined on Qp × Z satisfies (C.1) and (C.2) with respect to the
sequence {c(m)}, then the bilinear form E (f )(u, v) is closable in L2(Qp;ρ).
324 H. Kaneko / J. Math. Pures Appl. 89 (2008) 321–333Proof. It suffices to show that the convergence un → 0 in L2(Qp;ρ) implies limn→∞ E (f )(un,1B(x,pK)) = 0 for
any ball B(x,pK). We may restrict ourselves the case where supp[un] ∩ B(x,pK) = ∅ for all n and the case that
supp[un] ⊂ B(x,pK) for all n.
Firstly, we deal with the case that supp[un] ∩ B(x,pK) = ∅ for all n. From the expression in [7, Lemma 2.1(i)],
we have:
0 E (f )(1B(x,pK),1B(y,pL)) = −ρ¯y,Lρ¯x,Kf
(
x, logp ‖y − x‖p
)
−ρ¯y,Lρ¯x,KCx,Kc
(
logp ‖y − x‖p
)
−ρ¯x,KCx,K
∫
B(y,pL)
c
(
logp ‖z − x‖p
)
ρ(dz),
with the positive constant Cx,K in (C.2). Accordingly, it turns out that
E (f )(1B(x,pK), un)−ρ¯x,KCx,K
∫
Qp\B(x,pK)
unc
(
logp ‖z − x‖p
)
ρ(dz)
−ρ¯x,KCx,K‖un‖L2(Qp;ρ)
√√√√√
∫
Qp\B(x,pK)
c
(
logp ‖z − x‖p
)2
ρ(dz)
−ρ¯x,KCx,K‖un‖L2(Qp;ρ)
√√√√√c(K + 1)
∞∑
ν=K+1
c(ν)
∫
B(x,pν)
ρ(dz).
Therefore, un → 0 in L2(Qp;ρ) implies limn→∞ E (f )(un,1B(x,pK)) = 0 provided that supp[un] ∩ B(x,pK) = ∅ for
all n.
Secondly, if supp[un] ⊂ B(x,pK) for all n, we can derive from the inequalities in [7, Lemma 2.1(ii)] that un → 0
in L2(Qp;ρ) implies limn→∞ E (f )(un,1B(x,pK)) = 0. In fact, we see the following estimate simply by applying
Schwarz’ inequality:
0 E (f )(1B(x,pK), un) ‖un‖L2(Qp;ρ)‖1B(x,pK)‖L2(Qp;ρ)Cx,K
∞∑
ν=K+1
c(ν)ρx,ν . 
Example 1. When a difference operator D({c},ρ)u(x) = ∫Qp (u(x) − u(y))c(logp ‖x − y‖p)ρ(dy) for functions u
of D0 is given, we can introduce the bilinear form:
E ({c},ρ)(u, v) =
∫
Qp
D({c},ρ)u(x)D({c},ρ)v(x)ρ(dx), u, v ∈D0.
If
∑∞
m=0 c(m)ρ0,m < ∞, this symmetric bilinear form admits a smallest closed extension of E ({c},σ ) in L2(Qp;ρ). In
fact, since the function f (x,m) is given by f (x,m) =∑∞ν=m+1 ρx,νc(ν)(2c(m)− c(ν))+ ρ¯x,mc(m)2, it is easy to see
that f (x,m) satisfies the condition (C.1) as shown in [7]. The condition (C.2) follows from the estimate f (x,m) 
c(m)(2
∑∞
ν=K+1 ρx,νc(ν) + ρ¯x,Kc(K)) (mK). We denote the smallest closed extension again by E ({c},ρ) and the
domain associated with E ({c},ρ) by F ({c},ρ).
Example 2. For the sequence c(m) = p−(α/2+1)m (m ∈ Z), we may take ρ as the Haar measure μ so that con-
dition (A.3) is easily verified. Then, Example 2.1 shows that f (x,m) = Cαp−(1+α)m is obtained by taking some
positive constant Cα . The Hunt process which is determined by the Dirichlet form E ({c},μ) with this pair consisting of
the sequence c(m) = p−(α/2+1)m and the Haar measure μ is Albeverio and Karwowski’s random walk characterized
by the sequence {a(m)} given by a(m) = cαp−αm with some positive constant cα .
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associated with {c(m)}∞m=−∞. Then, let us introduce another non-negative measurable function g(x,m) defined on
Qp × Z satisfying (C.1) so that it satisfies (C.2) with the sequence {d(m)} and with some positive constant Dx,K ,
instead of {c(m)} and Cx,K . Then, we can consider the composite of the infinitesimal generators L(f ) and L(g) asso-
ciated with the Dirichlet forms E (f ) and E (g), respectively. In fact, our formulation enables us to have an expression
of the composed infinitesimal generator explicitly. Here, we can present some basic facts on those infinitesimal gen-
erators:
Lemma 2. (i) The infinitesimal generator L(f ) of E (f ) is characterized as the operator acting on the family D0 of
locally constant functions with compact support by the following identities:
−L(f )1B(x,pK)(z) =
{−f (x, logp ‖x − z‖p)ρ¯x,K on B(x,pK)c,∫
B(x,pK)c
f (y, logp ‖y − z‖p)dρ(y) on B(x,pK).
(ii) The composite of the infinitesimal generators L(f ) and L(g) is characterized as the operator acting on D0 and
by the following identities:(−L(g) ◦ −L(f ))1B(x,pK)(z)
= ρ¯x,K
(
−ρ¯x,Mf (x,M)g(x,M) − f (x,M)
∫
B(x,pM)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)
− g(x,M)
∫
B(x,pM)c
f
(
x, logp ‖x − y‖p
)
ρ(dy)
+
∫
B(x,pM)c
g
(
x, logp ‖x − y‖p
)
f
(
x, logp ‖x − y‖p
)
ρ(dy)
)
,
on B
(
x,pK
)c
, where M = logp ‖x − z‖,
and (−L(g) ◦ −L(f ))1B(x,pK)(z)
=
∫
B(x,pK)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)
∫
B(x,pK)c
f
(
x, logp ‖x − y‖p
)
ρ(dy)
+ ρ¯x,K
∫
B(x,pK)c
g
(
x, logp ‖x − y‖p
)
f
(
y, logp ‖y − x‖p
)
ρ(dy),
on B
(
x,pK
)
.
Proof. (i) Lemma 2.1(i) in [7] shows that B(x,pK) ∩ B(y,pL) = ∅ implies that
E (f )(1B(x,pK),1B(y,pL)) = −ρ¯y,Lρ¯x,Kf
(
x, logp ‖y − x‖p
)
and that B(y,pL) ⊂ B(x,pK) implies
0 E (f )(1B(y,pL),1B(x,pK)) = ρ¯y,L
∞∑
ν=K+1
∫
{z∈Qp |dist(z,x)=pν }
f
(
z, logp ‖y − z‖p
)
ρ(dz),
where the assumption (A.3) ensures the finiteness of the right-hand side. Combining this with a fundamental identity,
E (f )(1B(y,pL),1B(x,pK)) =
(−L(f )1B(x,pK),1B(y,pL))L2(Q ;ρ),p
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−L(f )1B(x,pK)(z) = c(x, x)1B(x,pK) +
∑
B(z,pK) =B(x,pK)
c(x, z)1B(z,pK),
where c(x, x) = ∫
B(x,pK)c
f (y, logp ‖y − x‖p)ρ(dy) and c(x, z) = −f (x, logp ‖x − z‖p)ρ¯x,K with z ∈ B(x,pK)c
for any x.
(ii) Similarly to (i), we have:
−L(g)1B(x,pK)(z) = d(x, x)1B(x,pK) +
∑
B(z,pK) =B(x,pK)
d(x, z)1B(z,pK),
where d(x, x) = ∫
B(x,pK)c
g(y, logp ‖y − z‖p)ρ(dy) and d(x, z) = −g(x, logp ‖x − z‖p)ρ¯x,K with z ∈ B(x,pK)c
for any x. Therefore, we see:(−L(g) ◦ −L(f ))1B(x,pK)(z)
= −L(g)
(
c(x, x)1B(x,pK) +
∑
B(z,pK) =B(x,pK)
c(x, z)1B(z,pK)
)
= c(x, x)L(g)1B(x,pK) +
∑
B(z,pK) =B(x,pK)
c(x, z)L(g)1B(z,pK)
= c(x, x)
{
d(x, x)1B(x,pK) +
∑
B(z,pK) =B(x,pK)
d(x, z)1B(z,pK)
}
+
∑
B(z,pK) =B(x,pK)
c(x, z)
{
d(z, z)1B(z,pK) +
∑
B(z,pK) =B(w,pK)
d(z,w)1B(w,pK)
}
=
(
c(x, x)d(x, x) +
∑
B(z,pK) =B(x,pK)
c(x, z)d(z, x)
)
1B(x,pK)
+
( ∑
B(z,pK) =B(x,pK)
c(x, x)d(x, z) +
∑
B(z,pK) =B(x,pK)
c(x, z)d(z, z)
+
∑
B(z,pK) =B(x,pK)
∑
B(w,pK) =B(x,pK),B(w,pK) =B(z,pK)
c(x,w)d(w, z)
)
1B(z,pK).
The multiplier of the indicator function 1B(x,pK) in the right-hand side admits the following expression:
c(x, x)d(x, x) +
∑
B(z,pK) =B(x,pK)
c(x, z)d(z, x)
=
∫
B(x,pK)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)
∫
B(x,pK)c
f
(
x, logp ‖x − y‖p
)
ρ(dy)
+ ρ¯x,K
∫
B(x,pK)c
g
(
x, logp ‖x − y‖p
)
f
(
y, logp ‖y − x‖p
)
ρ(dy).
On the other hand, the other multiplier in the right-hand side admits the following expression:∑
B(z,pK) =B(x,pK)
d(x, x)c(x, z) +
∑
B(z,pK) =B(x,pK)
d(x, z)c(z, z)
+
∑
K K
∑
K K
d(x,w)c(w, z)B(w,p ) =B(x,p ) B(w,p ) =B(z,p )
H. Kaneko / J. Math. Pures Appl. 89 (2008) 321–333 327= ρ¯x,K
(
−
∫
B(x,pK)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)f
(
z, logp ‖z − x‖p
)
+
∫
B(x,pK)c∩B(z,pK)c
g
(
x, logp ‖x − w‖p
)
f
(
w, logp ‖w − z‖p
)
ρ(dw)
− g(x, logp ‖x − z‖p)
∫
B(z,pK)c
f
(
y, logp ‖y − z‖p
)
ρ(dy)
)
= ρ¯x,K
(
−
∫
B(x,pK−1)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)f
(
z, logp ‖z − x‖p
)
+
∫
B(x,pK−1)c∩B(z,pK−1)c
g
(
x, logp ‖x − w‖p
)
f
(
w, logp ‖w − z‖p
)
ρ(dw)
− g(x, logp ‖x − z‖p)
∫
B(z,pK−1)c
f
(
y, logp ‖y − z‖p
)
ρ(dy)
)
= ρ¯x,K
(
−
∫
B(x,pK)∩B(x,pK−1)c
g(y,K)ρ(dy)f (x,K)
+
∫
B(x,pK)∩(B(x,pK−1)c∩B(z,pK−1)c)
g(w,K)f (w,K)ρ(dw)
− g(x,K)
∫
B(x,pK)∩B(z,pK−1)c
f (y,K)ρ(dy)
− f (x,K)
∫
B(x,pK)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)
− g(x,K)
∫
B(x,pK)c
f
(
x, logp ‖x − y‖p
)
ρ(dy)
+
∫
B(x,pK)c
g
(
x, logp ‖x − y‖p
)
f
(
x, logp ‖x − y‖p
)
ρ(dy)
)
= ρ¯x,K
(
−ρ¯x,Kf (x,K)g(x,K) − f (x,K)
∫
B(x,pK)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)
− g(x,K)
∫
B(x,pK)c
f
(
x, logp ‖x − y‖p
)
ρ(dy)
+
∫
B(x,pK)c
g
(
x, logp ‖x − y‖p
)
f
(
x, logp ‖x − y‖p
)
ρ(dy)
)
.
The assertion is derived directly from those expressions for the multipliers. 
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e(m) = ρ¯x,mc(m)d(m) + c(m)
∞∑
k=m+1
ρx,kd(k) + d(m)
∞∑
k=m+1
ρx,kc(k),
and a function h(x,m) on Qp × Z given by:
h(x,m) = ρ¯x,mf (x,m)g(x,m) + f (x,m)
∫
B(x,pm)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)
+ g(x,m)
∫
B(x,pm)c
f
(
x, logp ‖x − y‖p
)
ρ(dy)
−
∫
B(x,pm)c
g
(
x, logp ‖x − y‖p
)
f
(
x, logp ‖x − y‖p
)
ρ(dy).
Then, we have the following lemma:
Lemma 3.
(i) The sequence {e(m)}∞m=−∞ satisfies conditions (A.1)–(A.3) with respect to the Radon measure ρ associated with
{c(m)}∞m=−∞ and {d(m)}∞m=−∞.
(ii) The function h(x,m) satisfies the conditions (C.1) and (C.2) with respect to the sequence {e(m)}.
(iii) h(x,m) ρ¯x,mf (x,m)g(x,m) for any x ∈ Qp and m ∈ Z.
Proof. (i) Condition (A.3) shows that the sequence {ρ¯x,mc(m)} is non-increasing and condition (A.1) shows that
{c(m)} and {d(m)} are non-increasing and clearly so are the sequences {c(m)∑∞k=m+1 ρx,kd(k)} and{d(m)∑∞k=m+1 ρx,kc(k)}. From these facts, one sees that the sequence {e(m)}∞m=−∞ satisfies condition (A.1).
Since the sequence {ρ¯x,mc(m)} is non-increasing, condition (A.2) imposed on {c(m)} and condition (A.2) on
{d(m)} imply that {e(m)}∞m=−∞ satisfies condition (A.2). Condition (A.3) imposed on {c(m)} and condition (A.2) on
{d(m)} with respect to ρ imply that {e(m)}∞m=−∞ satisfies condition (A.3) with respect ρ.
(ii) Since h(x,m) is constant in x on every ball with radius pm for any fixed m ∈ Z, h(x, logp ‖x − y‖) =
h(y, logp ‖y − x‖) is satisfied for any x, y ∈ Qp . Finally, one sees:
h(x,m) = ρ¯x,mf (x,m)g(x,m) + f (x,m)
∫
B(x,pm)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)
+ g(x,m)
∫
B(x,pm)c
f
(
x, logp ‖x − y‖p
)
ρ(dy)
−
∫
B(x,pm)c
g
(
x, logp ‖x − y‖p
)
f
(
x, logp ‖x − y‖p
)
ρ(dy)
 Cx,KDx,Kρ¯x,mc(m)d(m) + Cx,Kc(m)
∫
B(x,pm)c
g
(
x, logp ‖x − y‖p
)
ρ(dy)
+ Dx,Kd(m)
∫
B(x,pm)c
f
(
x, logp ‖x − y‖p
)
ρ(dy)
max
{
Cx,K,Dx,K,Cx,KDx,K
}
e(m).
As a result, conditions (C.1) and (C.2) on the function h(x,m) have been assured.
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g(x,m)
∫
B(x,pm)c
f
(
x, logp ‖x − y‖p
)
ρ(dy)

∫
B(x,pm)c
g
(
x, logp ‖x − y‖p
)
f
(
x, logp ‖x − y‖p
)
ρ(dy) (m ∈ Z). 
Lemma 4. The bilinear form E (h)(u, v) is closable in L2(Qp;ρ).
Proof. Since Lemma 3 has already been proved, this assertion can be derived by applying Lemma 1. 
We denote the smallest closed extension of E (h) in L2(Qp;ρ) again by E (h) and the domain associated with
E (h) by F (h).
Theorem 1.
(i) The pair (E (h),F (h)) of the bilinear form E (h) and its domain F (h) is a regular Dirichlet space on L2(Qp;ρ).
Accordingly, there exists a Hunt process corresponding to (E (h),F (h)).
(ii) The infinitesimal generator L(h) of the Dirichlet space (E (h),F (h)) satisfies −L(h) = −L(f ) ◦ −L(g) = −L(g) ◦
−L(f ) as operators on D0.
Proof. (i) The Stone–Weierstrass theorem and Lemma 2 in Chapter VI in the monograph written by Vladimirov,
Volovich and Zelenov [11] assure that the family of locally constant functions on any ball is dense in the family of
continuous functions on the ball. Accordingly, the symmetric bilinear form E (h) with the domain F (h) which is given
as the smallest closed extension of the form defined originally on D0 is regular in the sense given in [6]. The stability
under the normal truncation of the bilinear form (E (h),F (h)) follows from a similar expression to (1) in [7] with the
function h.
(ii) These identities follow directly from Lemma 2. 
Theorem 2. If functions f (x,m) and g(x,m) defined on Qp × Z satisfy (C.1) and (C.2), then inequality
f (x,m) g(x,m) on Qp ×Z implies E (f )(u,u) E (g)(u,u) for any function u in the domain F (f ) of the Dirichlet
space associated with f (x,m).
Proof. It suffices to show the inequality E (f )(u,u)  E (g)(u,u) for any locally constant function u with compact
support. Lemma 1 in [11, VI-1] shows that every locally constant function ϕ with compact support admits the repre-
sentation as
ϕ =
n∑
i=1
ai1B(xi ,pki )
for some real numbers a1, a2, . . . , an, x1, x2, . . . , xn ∈ Qp and k1, k2, . . . , kn ∈ Z. Since one sees that
E (f )(a11B(x1,pk1 ), a11B(x1,pk1 )) − E (g)(a11B(x1,pk1 ), a11B(x1,pk1 ))
= 2
( ∫
B(x1,pk1 )
a211B(x1,pk1 )(x)Jf
(
dx,B
(
x1,p
k1
)c)− ∫
B(x1,pk1 )
a211B(x1,pk1 )(x)Jg
(
dx,B
(
x1,p
k1
)c))
 a21pk1
(
f (k1) − g(k1)
)
 0,
the assertion is proved by deriving from the estimate,
E (f )(ϕ,ϕ) − E (g)(ϕ,ϕ) 2
( ∫
ϕ2(x)Jf
(
dx, supp[ϕ]c)− ∫ ϕ2(x)Jg(dx, supp[ϕ]c)
)
supp[ϕ] supp[ϕ]
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E (f )(ϕ + an+11B(xn+1,pkn+1 ), ϕ + an+11B(xn+1,pkn+1 ))
− E (g)(ϕ + an+11B(xn+1,pkn+1 ), ϕ + an+11B(xn+1,pkn+1 ))
 2
( ∫
supp[ϕ]∪B(xn+1,pkn+1 )
(
ϕ(x)2 + a2n+11B(xn+1,pkn+1 )(x)
)
Jf
(
dx, supp[ϕ]c ∩ B(xn+1,pkn+1)c)
−
∫
supp[ϕ]∪B(xn+1,pkn+1 )
(
ϕ(x)2 + a2n+11B(xn+1,pkn+1 )(x)
)
Jg
(
dx, supp[ϕ]c ∩ B(xn+1,pkn+1)c)
)
,
for any an+1 ∈ R, xn+1 ∈ Qp and kn+1 ∈ Z, by assuming supp[ϕ] ∩ B(xn+1,pkn+1) = ∅. In fact, the right-hand side
is equal to ∫
supp[ϕ]∪B(xn+1,pkn+1 )
( ∫
supp[ϕ]c∩B(xn+1,pkn+1 )c
(
ϕ(x)2 + a2n+11B(xn+1,pkn+1 )(x)
)
× (f (logp ‖x − y‖)− g(logp ‖x − y‖))ρ(dy)
)
ρ(dx),
which is non-negative.
One can firstly see the following estimate:
E (f )(ϕ + an+11B(xn+1,pkn+1 ), ϕ + an+11B(xn+1,pkn+1 ))
− E (g)(ϕ + an+11B(xn+1,pkn+1 ), ϕ + an+11B(xn+1,pkn+1 ))
= E (f )(ϕ,ϕ) − E (g)(ϕ,ϕ) + 2(E (f )(ϕ, an+11B(xn+1,pkn+1 )) − E (g)(ϕ, an+11B(xn+1,pkn+1 )))
+ E (f )(an+11B(xn+1,pkn+1 ), an+11B(xn+1,pkn+1 )) − E (g)(an+11B(xn+1,pkn+1 ), an+11B(an+1,pkn+1 ))
 2
( ∫
supp[ϕ]
ϕ(x)2Jf
(
dx, supp[ϕ]c)− ∫
supp[ϕ]
ϕ(x)2Jg
(
dx, supp[ϕ]c)
+
∫
B(xn+1,pkn+1 )
a2n+11B(xn+1,pkn+1 )(x)Jf
(
dx,B
(
xn+1,pkn+1
)c)
−
∫
B(xn+1,pkn+1 )
a2n+11B(xn+1,pkn+1 )(x)Jg
(
dx,B
(
xn+1,pkn+1
)c))
− 4
( ∫
supp[ϕ]
an+1ϕJf
(
dx,B
(
xn+1,pkn+1
))− ∫
supp[ϕ]
an+1ϕJg
(
dx,B
(
xn+1,pkn+1
)))
.
One can rewrite the right-hand side as
2
( ∫
supp[ϕ]
ϕ(x)2Jf
(
dx, supp[ϕ]c ∩ B(xn+1,pkn+1)c)−
∫
supp[ϕ]
ϕ(x)2Jg
(
dx, supp[ϕ]c ∩ B(xn+1,pkn+1)c)
+
∫
supp[ϕ]
ϕ(x)2Jf
(
dx,B
(
xn+1,pkn+1
))− ∫
supp[ϕ]
ϕ(x)2Jg
(
dx,B
(
xn+1,pkn+1
))
+
∫
B(x ,pkn+1 )
a2n+11B(xn+1,pkn+1 )(x)Jf
(
dx, supp[ϕ])n+1
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∫
B(xn+1,pkn+1 )
a2n+11B(xn+1,pkn+1 )(x)Jg
(
dx, supp[ϕ])
+
∫
B(xn+1,pkn+1 )
a2n+11B(xn+1,pkn+1 )(x)Jf
(
dx,B
(
xn+1,pkn+1
)c ∩ supp[ϕ]c)
−
∫
B(xn+1,pkn+1 )
a2n+11B(xn+1,pkn+1 )(x)Jg
(
dx,B
(
xn+1,pkn+1
)c ∩ supp[ϕ]c))
− 4
( ∫
supp[ϕ]
an+1ϕJf
(
dx,B
(
xn+1,pkn+1
))− ∫
supp[ϕ]
an+1ϕJg
(
dx,B
(
xn+1,pkn+1
)))
,
which is equal to
2
( ∫
supp[ϕ]
ϕ(x)2Jf
(
dx, supp[ϕ]c ∩ B(xn+1,pkn+1)c)−
∫
supp[ϕ]
ϕ(x)2Jg
(
dx, supp[ϕ]c ∩ B(xn+1,pkn+1)c)
+
∫
B(xn+1,pkn+1 )
a2n+11B(xn+1,pkn+1 )(x)Jf
(
dx,B
(
xn+1,pkn+1
)c ∩ supp[ϕ]c)
−
∫
B(xn+1,pkn+1 )
a2n+11B(xn+1,pkn+1 )(x)Jg
(
dx,B
(
xn+1,pkn+1
)c ∩ supp[ϕ]c)
+
∫
supp[ϕ]×B(xn+1,pkn+1 )
(
ϕ(x) − an+11B(xn+1,pkn+1 )(y)
)2
Jf (dx,dy)
−
∫
supp[ϕ]×B(xn+1,pkn+1 )
(
ϕ(x) − an+11B(xn+1,pkn+1 )(y)
)2
Jg(dx,dy)
)
.
This is because∫
supp[ϕ]×B(an+1,pkn+1 )
(
ϕ(x) − an+11B(xn+1,pkn+1 )(y)
)2
Jf (dx,dy)
−
∫
supp[ϕ]×B(an+1,pkn+1 )
(
ϕ(x) − an+11B(xn+1,pkn+1 )(y)
)2
Jg(dx,dy)
=
∫
supp[ϕ]
ϕ(x)2Jf
(
dx,B
(
xn+1,pkn+1
))− ∫
supp[ϕ]
ϕ(x)2Jg
(
dx,B
(
xn+1,pkn+1
))
+
∫
B(xn+1,pkn+1 )
a2n+11B(xn+1,pkn+1 )(y)Jf
(
supp[ϕ],dy)− ∫
B(xn+1,pkn+1 )
a2n+11B(xn+1,pkn+1 )(y)Jg
(
supp[ϕ],dy)
− 2
( ∫
supp[ϕ]
an+1ϕ(x)Jf
(
dx,B
(
xn+1,pkn+1
))− ∫
supp[ϕ]
an+1ϕ(x)Jg
(
dx,B
(
xn+1,pkn+1
)))
.
On the other hand, the left-hand side is equal to∫
supp[ϕ]×B(an+1,pkn+1 )
(
ϕ(x) − an+11B(xn+1,pkn+1 )(y)
)2(
f
(
logp ‖x − y‖
)− g(logp ‖x − y‖))ρ(dy)ρ(dx)
and this gives us a non-negative value.
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E (f )(ϕ + an+11B(xn+1,pkn+1 ), ϕ + an+11B(xn+1,pkn+1 )) − E (g)(ϕ + an+11B(xn+1,pkn+1 ), ϕ + an+11B(xn+1,pkn+1 ))
 2
( ∫
supp[ϕ]∪B(xn+1,pkn+1 )
(
ϕ(x)2 + a2n+11B(xn+1,pkn+1 )(x)
)
Jf
(
dx, supp[ϕ]c ∩ B(xn+1,pkn+1)c)
−
∫
supp[ϕ]∪B(xn+1,pkn+1 )
(
ϕ(x)2 + a2n+11B(xn+1,pkn+1 )(x)
)
Jg
(
dx, supp[ϕ]c ∩ B(xn+1,pkn+1)c)
)
.
Since we showed the inequality E (f )(u,u) E (g)(u,u) for any locally constant function u with compact support, the
assertion has been proved. 
3. Nonpolarity of singletons
In this section, we denote the function f (x,m) by f1(x,m) and inductively define:
fn(x,m) = ρ¯x,mf1(x,m)fn−1(x,m) + f1(x,m)
∫
B(x,pm)c
fn−1
(
x, logp ‖x − y‖p
)
ρ(dy)
+ fn−1(x,m)
∫
B(x,pm)c
f1
(
x, logp ‖x − y‖p
)
ρ(dy)
−
∫
B(x,pm)c
f1
(
x, logp ‖x − y‖p
)
fn−1
(
x, logp ‖x − y‖p
)
ρ(dy),
for n = 2,3, . . . . Theorem 1 shows that the infinitesimal generator L(fn) of the Dirichlet space (E (fn),F (fn)) is given
by −L(fn) = (−L(f ))n.
Let us denote the domain DomL2(Qp;ρ)((1 −L(f ))n/2) of the operator (1 −L(f ))n/2 in L2(Qp;ρ) by Fn,2. Then,
each function u in Fn,2 admits a norm ‖u‖n,2 which is defined as ‖ϕ‖L2(Qp;ρ) with the function ϕ ∈ L2(Qp;ρ)
satisfying u = (1 − L(f ))−n/2ϕ. From [5] we have that the operator (1 − L(f ))−n/2 is represented by the kernel
1
Γ (r/2)
∫∞
0 t
r/2−1e−tPt dt with the transition probability kernel {Pt } corresponding to the Hunt process of the Dirichlet
space (E (f ),F (f )).
Lemma 5.
(i) F (fn) = DomL2(Qp;ρ)((1 − L(fn))1/2) = DomL2(Qp;ρ)((1 − L(f ))n/2) = Fn,2, where DomL2(Qp;ρ)((1 −
L(fn))1/2) stands for the domain of the operator (1 − L(fn))1/2 in L2(Qp;ρ).
(ii) There exist some positive constants c and C such that
c
∥∥(1 − L(f ))n/2u∥∥
L2(Qp;ρ) 
∥∥(1 − L(fn))1/2u∥∥
L2(Qp;ρ)  C
∥∥(1 − L(f ))n/2u∥∥
L2(Qp;ρ),
for any u ∈F (fn) =Fn,2.
Proof. (i) The first equality is derived from Theorem 1.3.1 in [6]. In fact, the non-negative definite self-adjoint op-
erator −L(f ) on L2(Qp;ρ) admits a spectral family {Eλ | λ ∈ R} satisfying −L(f ) =
∫
[0,∞) λdEλ. The identity
−L(fn) = (−L(f ))n shows that F (fn) = {u ∈ L2(Qp;ρ) |
∫
[0,∞) λ
nEλ(u,u) < ∞} and that
DomL2(Qp;ρ)
(
(1 − L(fn))1/2)= {u ∈ L2(Qp;ρ) ∣∣∣
∫ (
1 + λn)Eλ(u,u) < ∞
}
.[0,∞)
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obtained by
DomL2(Qp;ρ)
(
(1 − L(f ))n/2)= {u ∈ L2(Qp;ρ) ∣∣∣
∫
[0,∞)
(1 + λ)nEλ(u,u) < ∞
}
.
(ii) It suffices to show that
c
∥∥(1 − L(f ))n/2u∥∥2
L2(Qp;ρ) 
∥∥(1 + (−L(f ))n)1/2u∥∥2
L2(Qp;ρ)  C
∥∥(1 − L(f ))n/2u∥∥2
L2(Qp;ρ),
with some positive constants c and C. On the other hand, we have ‖(1−L(f ))n/2u‖2
L2(Qp;ρ) =
∫
[0,∞)(1+λ)nEλ(u,u)
and ‖(1 + (−L(f ))n)1/2u‖2
L2(Qp;ρ) =
∫
[0,∞)(1 + λn)Eλ(u,u). The inequalities are assured by these expressions. 
We denote the (n,2)-capacity based on the space Fn,2 associated with the Dirichlet space (E (f ),F (f )) by Capn,2.
Theorem 3. If the function f (x,m) admits the lower estimate f (x,m)  C1p−(1+β)m (m ∈ Z) for some positive
constants β and C1 and if ρ¯x,m  C0pm (m ∈ Z) for some positive constant C0, then Capn,2({x}) > 0 for any x ∈ Qp
with some sufficiently large n.
Proof. The equivalence in norms found in Lemma 5 shows that Capn,2({x}) > 0 for any x ∈ Qp is equivalent to the
nonpolarity of every singleton with respect to the ordinary capacity associated with the Dirichlet space determined
by the infinitesimal generator L(fn). Here, from Lemma 3(iii), we can derive that fn(x,m)  Cnp−(1+nβ)m for any
x ∈ Qp and m ∈ Z.
Theorem 1 shows that the capacity associated with the Dirichlet form E (fn) dominates the one determined by the
Dirichlet form E (g) with g(x,m) = Cnp−(1+nβ)m. Therefore, it suffices to show the nonpolarity of every singleton
with respect to the Dirichlet form E (g).
On the other hand, for sufficiently large n, one can deduce the nonpolarity of every singleton with respect to E (g)
from Theorem 3 in Yasuda and the author’s paper [8]. 
Remark. This theorem shows that if one has an assertion which is correct outside a set E ⊂ Qp satisfying
Capn.2(E) = 0 with some sufficiently large n, then it automatically turns to be correct everywhere on Qp .
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